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Abstract
This paper discusses multi-skyrmions on the 3-sphere S3 with variable radius L using
the rational map ansatz. For baryon number B = 3, . . . , 9 this ansatz produces the
lowest energy solutions known so far. By considering the geometry of the model we
find an approximate analytic formula for the shape function. This provides an insight
why skyrmions have a shell-like structure.
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1 Introduction
In this paper we discuss new developments in the SU(2) Skyrme model [1] and its gen-
eralization to the case where the physical space is a 3-sphere of radius L. The Skyrme
model is a non-linear field theory of mesons whose field configurations are labelled by an
integer, the topological charge. This charge can be identified with the baryon number
B, [1]. Static field configurations which minimize the energy of the Skyrme model for a
given baryon number B are called skyrmions. When the theory is quantized, the Skyrme
model not only describes the proton and the neutron reasonably well [2, 3] but also larger
nuclei [4, 5]. However, in order to be able to perform the quantization it is important to
reach a good understanding of the classical solutions. In [6] skyrmions were calculated
numerically for small baryon number B, and it was shown that they have certain discrete
symmetries. These symmetries have been confirmed by the rational map ansatz [7] which
also reproduces the energies of the skyrmions with good accuracy.
From a mathematical point of view, field configurations in the Skyrme model are rep-
resented by maps from (R3 ∪ {∞}) ∼= S3 to SU(2) ∼= S3. Therefore, it is natural to
generalize the model such that physical space is a 3-sphere of radius L. From a physical
point of view, a skyrmion on a 3-sphere describes a finite baryon density [8]. Reducing L
increases the baryon density. Varying L the S3 model exhibits phenomena such as local-
ization – delocalization transitions and the restoration of chiral symmetry. These results
can be compared with Skyrme crystal calculations [9, 10, 11], but are also interesting in
their own right.
In this paper we only consider static configurations and their energies. In particular, we
generalize the rational map ansatz to describe skyrmions on S3. The energies of our ansatz
are the lowest ones known so far. Moreover, these approximations have a well-defined limit
for L → ∞, namely, the rational map skyrmions in flat space. Geometric considerations
lead to an analytic ansatz for the shape function which is completely specified by a small
set of parameters. We show that this ansatz agrees well with the numerical solution and
captures the behaviour of skyrmions on S3.
In the following section we review the Skyrme model on general 3-dimensional mani-
folds. The first part focuses on the geometrical meaning of the Skyrme energy. The next
part clarifies the relationship between the geometric formulation in flat space and the stan-
dard formulation in terms of the Lie group SU(2). In section 3 the model is generalized
to the 3-sphere. We describe the rational map ansatz in detail and also recall the doubly
axially-symmetric ansatz [12]. In section 4 we derive an analytic ansatz for the shape
function and discuss its symmetries. For special values of B the energy can be calculated
explicitly as a function of the radius L. In section 5 we calculate the shape function nu-
merically. We also compare the numerical shape function to the analytic shape function of
the previous section. Finally, we use the analytic shape function to approximate skyrmions
in R3. In section 6 we discuss chiral symmetry and phase transitions.
2 Geometry of Skyrmions
In this section we describe static solutions of the Skyrme model on general 3-dimensional
manifolds. We follow Manton’s approach [8] and present a geometric point of view. First,
we introduce the geometric notion of the strain tensor and construct the Skyrme energy for
general manifolds. Then we discuss the properties of the energy density and derive some
1
formulae which will be important in the following sections. Finally, we show that in flat
space the geometric energy density is equivalent to the standard energy density.
A field configuration is a map pi from a physical space S to a target space Σ. Both S
and Σ are 3-dimensional Riemannian manifolds which are connected and orientable, and
their metrics are tij and ταβ, respectively. We denote by x a point in S and pi(x) its image
in Σ. Choosing dreibeins em
i(x) on S and ζµ





The matrix Jmµ(x) is a measure of the deformation induced by the map pi at the point x
in S. However, it is not unique since a rotation of the dreibeins ζµ
α(pi(x)) does not affect
the geometrical deformation. This leads us to define the strain tensor
Dmn = (JJ





which only depends on the metric on Σ. Here and in the following we suppress the direct
reference to x. The strain tensor is symmetric and positive semi-definite1 but it is not
invariant under rotation of the dreibeins em
i. In fact, under an orthogonal transformation
O, D transforms into OTDO. A well known result from linear algebra is that the char-
acteristic polynomial P (λ) = det(D − λI) is invariant under orthogonal transformations.





the following invariants of D:
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As we will demonstrate in this section, choosing the energy of a field configuration to be the
integral of the following sum of these invariants generalizes the Skyrme model to arbitrary





















where the integration measure is
√
det t d3x. The first three terms are only quadratic in
the derivatives and correspond to the “sigma model term”. The configurations which are
minimizing this term are known as harmonic maps [14]. Geometrically, pi induces a linear
map pi∗ mapping the unit vector emi which is formed by the m-th dreibein to the vector
em
i∂ipi
α. The sum of the squared lengths of these vectors is the “sigma model term”. Thus,
only the lengths of the vectors pi∗(emi) are important.
The geometric meaning of the quartic terms can be understood by considering the area
element qmnem
ien
j formed by two dreibeins. This area element is mapped to the following






1Generically, J is non-degenerate so that D is positive definite. However, there are submanifolds of
zero baryon density, i.e. det(J(x)) = 0. For further discussion see [13].
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The sum of the squares of these area elements is proportional to the “Skyrme term”. This
term is a measure also of the angular distortion of the map pi∗.
So far only the first two invariants of the strain tensor have been used. The third
invariant is the square of the determinant of the Jacobian, (det J)2. Since the manifolds
S and Σ are orientable, det J is globally well-defined so that we can set
√
det D = det J .
det J locally changes the integration measure on S into the measure on Σ. Therefore,
the integral of det J over S is equal to the volume Vol(Σ) times the degree of the map
pi. The degree of a map is a topological invariant which, roughly speaking, measures how
many preimages a point pi(x) of Σ has in S, and hence takes integer values. Any field
configuration can be labelled by its degree. In the Skyrme model the degree of the map pi







We will call classical field configurations which minimize the energy (2.4) skyrmions. It is
worth pointing out that there is an alternative expression for equation (2.4). By “complet-




(λ1 ± λ2λ3)2 + (λ2 ± λ3λ1)2 + (λ3 ± λ1λ2)2 ∓ 6λ1λ2λ3. (2.7)
Either the upper or the lower signs are chosen such that the integral over the last term in
equation (2.7) is non-negative. Applying equation (2.6), this integral is just 6 |B| Vol(Σ).
Therefore, the energy is bounded below by the so-called Faddeev-Bogomolny bound [15]:
E > 6 |B| Vol(Σ). (2.8)
Equation (2.7) also gives rise to two sets of three Bogomolny equations which are satisfied
if and only if the Faddeev-Bogomolny bound is attained,
λ1 = ∓λ2λ3, λ2 = ∓λ3λ1, and λ3 = ∓λ1λ2. (2.9)




3 = 1, and it follows
that B = λ1λ2λ3 = ∓1. Therefore, the strain tensor is the identity map, and the map pi is
an isometry. For Σ = SU(2), this case can only occur if the physical space is a 3-sphere of
radius L = 1. This has already been proven in [16].
The relative importance of the “sigma model term” and the “Skyrme term” can be seen
from their scaling behaviour. For this purpose we consider a family of metrics L2 tij where
L is a constant length scale. The dreibeins em
i are, informally speaking, the square roots of
the inverse metric 1
L2
tij of S. Therefore, they are proportional to 1
L
so that the eigenvalues
λ2i of the strain tensor Dij are proportional to
1
L2




scales with L3, the “sigma model term” scales like L, whereas the Skyrme term scales like
1
L
. For large radius L one might expect the “sigma model term” to be dominant. Yet,
this is not the case because, as we shall see, the skyrmion gets localized and — just as in
flat space — both of these terms are equally important. However, for small radius L the
configuration is delocalized, and the “Skyrme term” will become dominant.
In the following, we relate this geometric formulation to the standard Skyrme model in
flat space. For the remainder of this section S will correspond to the flat space R3 and Σ
to the Lie group SU(2) ∼= S3. The basic field is the SU(2) valued field
U(x) = σ(x) + ipi(x) · τ (2.10)
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where τi are the Pauli matrices which are hermitian and satisfy the algebra τiτj = δij +
iijkτk. Since U is an element of SU(2), the fields σ and pi obey the constraint σ
2 +pi2 = 1.
It is worth noting that pi in (2.10) play the same role as the coordinates pii in the discussion
above, and σ is just a function of those coordinates. The static solutions of the Skyrme







Tr ([Ri, Rj][Ri, Rj])
)
d3x (2.11)
where Ri = (∂iU)U
† is an su(2) valued current. A static solution of the variational equa-
tions could also be a saddle point. Only solutions which minimize the energy are called
skyrmions. In order to show that the energies (2.4) and (2.11) are equivalent, we first
relate the strain tensor Dij to the current Ri. Since σ is determined by pi we can calculate
the induced metric ταβ on the target space Σ in terms of the fields pi :




Starting from equation (2.2) and noting that in flat space the dreibeins can be chosen to


















Tr (RiRj) . (2.17)
Equation (2.14) follows from (2.13) by using the chain rule and the formula for the metric
(2.12). Conceptually, the step from equation (2.14) to equation (2.15) is very important.
The metric ταβ is expressed with the group multiplication and the trace which provides
a scalar product in su(2). This is the transition from geometric to Lie group language.
Equation (2.16) is a trivial consequence of definition (2.10), and the last equation follows
from UU † = 1. Now, we can show that the two energy densities are equal. Since Ri is an
su(2) current, and therefore anti-hermitian, it can be expressed as Ri = R
α
i iτα. We start
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= Tr D +
1
2
(Tr D)2 − 1
2
Tr D2. (2.22)
Equation (2.19) follows from (2.18) by inserting the commutation relations of the Pauli
matrices τ . In the following equation we use the contraction ijkilm = δjlδkm − δjmδkl. In
equation (2.21) we apply the result (2.17). The last equality follows from the definition of
the trace. Equation (2.22) is the energy (2.4) because of (2.3). Therefore, we have shown
the equivalence of the two approaches for S = R3. It is worth noting that in the geometric
picture the “Skyrme term” is related to the square of an area element, whereas in the
standard approach it depends on the structure constants of the Lie algebra su(2). Both
interpretations lead to generalizations. While in our geometric interpretation it is natural
to consider different 3-dimensional manifolds for S, and maybe for Σ, the Lie algebra
approach leads to generalizing the Lie group SU(2) for example to SU(N).
3 Skyrmions on S3 and Rational Maps
In the previous section we have established the equivalence of the two energies (2.4) and
(2.11) in R3. In this section we will use (2.4) to generalize the model to S = S3L such that
from now on physical space is a 3-sphere of radius L. This includes the original model if
we take the limit L →∞. We also fix Σ = SU(2) ∼= S31 .
The Skyrme model cannot be solved analytically either in flat space, or on S3L, apart
from the case if L = 1 and B = 1 as mentioned above. However, in flat space there
are analytic ansa¨tze which give good qualitative and quantitative agreement with exact
solutions obtained numerically. By ansatz we mean a test function that minimizes the
energy within a given class of test functions. The lower the energy the better we expect
the ansatz to approximate the exact solution. In the following we will generalize the
rational map ansatz [7], which has been very successful in flat space, to S3L.
A rational map is a holomorphic function from S2 → S2. Treating each S2 as a Riemann





where p(z) and q(z) are polynomials in z which are assumed to have no common factors.
It has been shown by Donaldson [17], and also by Jarvis [18], that there is a one-to-one
correspondence between rational maps and monopoles. In flat space it has been found that
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many solutions of the Skyrme equation with baryon number B look rather like monopoles
with monopole number equal to B. Therefore, rational maps can be used to approximate
skyrmions.
A point x on S3L is labelled by polar coordinates (µ, θ, φ) such that
x = (L sin µ sin θ cos φ, L sinµ sin θ sin φ, L sin µ cos θ, L cos µ) (3.2)
= (L sin µ nˆ(θ, φ), L cos µ) (3.3)
where µ, θ ∈ [0, pi], and φ ∈ [0, 2pi] and nˆ(θ, φ) is the unit vector on S2. The 3-sphere can
be thought of as a collection of 2-spheres with varying radius equal to L sin µ. With the
stereographic projection z = tan θ
2
eiφ the S2 can be identified with a Riemann sphere using






2Re(z), 2Im(z), 1− |z|2) . (3.4)
Similarly, points in the target S3 can be labelled by (f, R) where f is an angular variable
analogous to µ, and R is a complex coordinate. The rational map ansatz simply states
that f = f(µ) and R = R(z). This is only consistent if sin f(µ) vanishes where sin µ does,
i.e. f(0) = N1pi and f(pi) = N2pi. The integer Nf = N1 − N2 is a topological invariant
and cannot be changed by deforming f(µ) smoothly. In order to have a good limit for
L → ∞ we fix f(µ) such that N2 = 0 and set N1 = Nf . In analogy to flat space we
define a skyrmion to have Nf > 0, whereas for an anti-skyrmion Nf < 0. Since skyrmions
and anti-skyrmions are related by reflection we will only consider skyrmions from now on.
Therefore, our complete boundary conditions are:
f(0) = Nfpi where Nf > 0
f(pi) = 0. (3.5)
In contrast to the flat case these boundary conditions do not follow from a regularity
argument. They are an artifact of our ansatz and have to be handled with care. See [19]
for a discussion.
If we now use the notation of equation (2.10) we can write the Skyrme field in the
following way:
U(µ, z, z¯) = cos f(µ) + i sin f(µ) nˆ(R(z)) · τ (3.6)
= exp (i f(µ) nˆ(R(z)) · τ ) (3.7)
where nˆ(R(z)) is as in equation (3.4). Equation (3.7) looks quite similar to the well-known
spherically symmetric hedgehog ansatz [1]. In fact, the hedgehog ansatz corresponds to
the special case R(z) = z.
Now, we can apply the formulae of the previous section. The rational map ansatz gives












The minus sign in the expression for λ1 is a consequence of our definition of positive baryon
number in (3.5). One advantage of the rational map ansatz is the decoupling of the radial
and the angular strains: Starting from formula (2.6) the baryon number B can be written













(1 + |z|2)2 (3.9)
= NfNR. (3.10)
The integral over µ is the integer Nf . The second integral is the pull-back of the area form
on the target sphere of the rational map R(z). Taking the normalization into account this
is just the degree NR of the rational map R(z). In fact, it can be shown that if p(z) has
the degree np and q(z) has the degree nq then NR = max(np, nq).































3 sin2 µ dµ.
Similarly to the baryon density, the integration over z and z¯ and the integration over µ
factorizes. Therefore, formula (3.11) can be rewritten as
E = 4pi
∫ (
f ′2L sin2 µ + 2NR(
f ′2
L





where NR is the degree of the rational map, and I is the following special function on the










(1 + |z|2)2 . (3.13)
To minimize E for a given baryon number B = NfNR, one should first minimize I over
the space of rational maps of degree NR. The result is displayed in table 1 in the appendix.





sin2 f + sin2 µ
)
+ 2f ′ sin µ cos µ +
2NR
L2
f ′2 sin f cos f
− 2NR sin f cos f − 2I sin
3 f cos f
L2 sin2 µ
= 0 (3.14)
where I now takes the constant value in table 1. We require f(µ) to be a solution of (3.14)
non-singular in [0, pi]. Equation (3.14) has to be solved numerically. It has regular singular
points at the end points, i.e. close to these points the solution has the following power




1 + 8NR − 1) and A± and B± are arbitrary constants. The solution f(µ) is
regular if the exponent is equal to ρ+ at both end points.
Equation (3.12) has an important discrete symmetry. The transformation
f(µ) → Nfpi − f(pi − µ) (3.15)
transforms a solution of (3.14) into a solution which is also compatible with the boundary
conditions (3.5). Geometrically, µ → pi−µ is a reflection at the plane through the equator
in physical space, whereas f → Nfpi − f is a reflection in target space. This means that
a solution which is localized for example at the south pole µ = pi is transformed to a
solution which is localized at the north pole µ = 0. Therefore, for fixed B there are two
degenerate solutions unless the transformation (3.15) is a symmetry of f(µ) in which case
there is only one symmetric solution. The symmetry (3.15) does not have an analogue in
flat space. Also note that the transformations f(µ) → f(pi− µ) and f(µ) → −f(µ) take a
skyrmion with baryon number B into an anti-skyrmion with baryon number −B.
When we derived the energy of the rational map ansatz we used equation (2.4). This
could be transformed into equation (2.7) by “completing the square”. Having now calcu-
























f ′ sin2 f dµ. (3.16)
The second integral in (3.16) can be evaluated using f(0) = Nfpi and f(pi) = 0. Since the
first integral in (3.16) is positive the second integral provides us with the energy bound
E > 4pi2(
√
I + 2NR)Nf (3.17)
> 12pi2NRNf . (3.18)
The last inequality is valid because I > NR2 which can easily be shown by applying
the Schwartz inequality. Therefore, inequality (3.17) “improves” the Faddeev-Bogomolny
bound (2.8) where Vol(Σ) = 2pi2 and B = NRNf . This rational map bound (3.17) is valid,
if the fields obey the rational map ansatz. Exact solutions satisfy neither the rational map
ansatz nor necessarily the bound (3.17). We will discuss this bound further in section 5.
Before ending this section we review one further ansatz. The symmetry group of S3L,
which is O(4), contains an O(2) × O(2) subgroup. Jackson et al used this symmetry to
obtain doubly axially-symmetric ansa¨tze for skyrmions of various baryon numbers B [12].
In order to make best use of the symmetry it is convenient to parameterize the 3-sphere
with a different set of angles (χ, α, β). With these coordinates a point on S3L can be written
as
x = (L sin χ cos α, L sinχ sin α, L cosχ cos β, L cos χ sin β) (3.19)
where χ ∈ [0, pi
2
] and α, β ∈ [0, 2pi]. Now we can write an O(2) × O(2) symmetric field
configuration U ∈ SU(2) as
U = sin g cos pα + iτ3 sin g sin pα + iτ1 cos g cos qβ + iτ2 cos g sin qβ (3.20)
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where p and q are integers and g = g(χ) is a shape function. In this ansatz the eigenvalues



































p2q2 sin2 g cos2 g
sin2 χ cos2 χ
)
sin(2χ)dχ
and the baryon number
B = pq
∫
2g′ sin g cos g dχ. (3.23)
The shape function g(χ) can be calculated numerically by minimizing the energy E subject




for various p, q and L. Note that these
boundary conditions for g(χ) imply that B = pq. In [12] the energy for a given baryon
number B was also minimized with respect to the radius L. Some of the results are
displayed in figure 5 of section 5. It was shown that the solutions are only stable as long as
L is smaller than a B-dependent critical length Lcrit.. Moreover, for large baryon number
B the minimal energy for the optimal radius L is larger than the energy of B well-separated
skyrmions in R3. Therefore, in this situation the ansatz fails badly. However, for small
baryon number B and small radius L the ansatz is quite successful. For B = 1 it agrees
with the known O(4) symmetric solution. For B = 2 it predicts an O(2)×O(2) symmetric
solution with a very low energy. Given that the exact B = 2 solution in flat space possesses
an O(2)× Z2 symmetry this configuration is likely to be the exact solution on S3.
One particular feature of configurations of the form (3.20) is that the following order
parameter O1 vanishes:
O1 = 〈σ〉2 + 〈pi〉2 = 0 (3.24)
where 〈 〉 means the average over the physical S3L. It also turns out that configurations
with p = q attain their minimal energy at particularly small values of L. Moreover, for






transforms solutions of the Euler-Lagrange equation for the energy (3.22) into each other.
We will need these properties in section 6.
4 The Shape Function as a Quasi-Conformal Map
We discuss next the shape function f(µ) of the rational map ansatz. Since solving equation
(3.14) numerically provides little insight we derive an analytic shape function. This ansatz
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approximates the numerical shape function fairly accurately and also confirms geometric
ideas.
In [8] Manton approximated the shape function of the B = 1 skyrmion by a conformal
map. With this ansatz he showed that a delocalized B = 1 skyrmion on a 3-sphere is
unstable for L >
√
2. In this section we will generalize this idea for higher baryon number
B. Using the rational map ansatz we will derive an ansatz for the shape function which
is conformal in an average sense and which we will call quasi-conformal. In the following
section, we will show that this quasi-conformal ansatz is a good approximation to the
numerically calculated shape function.




labelled by (f, R). A map between two 3-spheres is conformal if their metrics only differ
by a conformal factor:
L2 dµ2 + L2 sin2 µ
2i dz dz¯
(1 + zz¯)2
= Ω(µ, z, z¯)2
(





We are interested in fields which obey the rational map ansatz, i.e. f = f(µ) and R = R(z).
Therefore, we make the following approximations to equation (4.1). Firstly, since f(µ) is
a function of µ only, we consider a conformal factor Ω which is also only a function of
µ. Secondly, we recall that according to equation (3.9) the integral over the target S2
is just 4pi times the degree NR of the rational map. Therefore, we replace the metric
on the target S2 by NR times the metric on the physical S
2. Locally, this is not a very
good approximation but averaged over the whole S2 this reproduces the correct result.
Since f(µ) is independent of z and z¯ it can only detect the averaged value. With these
approximations equation (4.1) can be simplified:










Eliminating Ω(µ) from equation (4.2) we obtain the following differential equation for f(µ):
(f ′(µ))2 sin2 µ = NR sin
2 f(µ). (4.3)
We are interested in solutions which obey the boundary conditions (3.5). It is convenient
to replace sin f(µ) by sin(pi − f(µ)) before taking the square root:
f ′(µ) sinµ = ±
√
NR sin(pi − f(µ)). (4.4)
For the negative sign the solution of equation (4.4) diverges at the boundary and can
therefore be discarded. Equation (4.4) is solved by separation of variables, and we obtain









where k is a positive integration constant. A negative k would lead to a negative baryon
number and is incompatible with the boundary conditions (3.5) whereas k = 0 is just the
trivial solution with baryon number B = 0. The quasi-conformal shape function (4.5)
satisfies our boundary conditions (3.5) if and only if Nf = 1. With equation (3.10) we
obtain B = NR. The shape function (4.5) has the following important property: Using the
identity






for x > 0 (4.6)
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